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University.1. Introduction
The homotopy analysis method (HAM) was ﬁrst proposed and
applied by Liao [1–5] based on homotopy, a fundamental
concept in topology and differential geometry. The HAM
has been successfully applied by many researchers for solving
linear and non-linear partial differential equations [6–12]. In
recent years, many authors have paid attention to study thesolutions of the linear and nonlinear partial differential equa-
tions by using various methods combined with the Laplace
transform method. Among these are Laplace decomposition
method (LDM) [13–15], homotopy perturbation transform
method (HPTM) [16–18] and homotopy analysis transform
method (HATM) [19–25].
In this paper, we present a simplest model for a transistor in
the circuit. Previously such type of model has been studied by
Kang [26] and Lewis [27]. Furthermore, Balachandran and
Murugesan [28,29] and Kalpana and Raja Balachandar [30]
have applied the Single Term Walsh Series (STWS) technique
and Haar Wavelet method respectively to solve the model for a
transistor presented in [26,27]. Very recently Krishnaveni et al.
[31] and Singh et al. [32] applied the Adomian’s decomposition
method (ADM) and Laplace decomposition method (LDM)
respectively to solve singular system of transistor circuits. In
this article, we implement the homotopy analysis transform
method (HATM) to solve singular system of transistor circuits.
The HATM is an elegant combination of the Laplace trans-
Figure 1 Model for a transistor circuit.
446 D. Kumar et al.form method and HAM. The advantage of this technique is its
capability of combining two powerful methods for obtaining
exact and approximate analytical solutions for nonlinear equa-
tions. It is worth mentioning that the proposed method is
capable of reducing the volume of the computational work
as compared to the classical methods while still maintaining
the high accuracy of the numerical result; the size reduction
amounts to an improvement of the performance of the
approach.
2. Analysis of singular systems by homotopy analysis transform
method (HATM)
Consider the linear singular system of the form
K _XðtÞ ¼ AXðtÞ þ BUðtÞ; ð1Þ
YðtÞ ¼ CXðtÞ; Xð0Þ ¼ X0; ð2Þ
with X e Rn, U e Rm, Y e Rp, K generally a singular matrix. Y(t)
is a ‘p’ output vector. A, B and C are to be chosen as constant
matrices with appropriate dimensions. X(t) is an ‘n’ state
vector, U(t) is an ‘m’ input vector. Now, we discuss the HATM
to solve (1). Applying the Laplace transform on both sides of
Eq. (1) and using (2), we get
KL½XðtÞ  K
s
X0  A
s
L½XðtÞ  B
s
L½UðtÞ ¼ 0: ð3Þ
We deﬁne the nonlinear operator as
N½/ðt; qÞ ¼ KL½/ðt; qÞ  K
s
X0  A
s
½L ½/ðt; qÞ  B
s
L½UðtÞ;
ð4Þ
where q e [0, 1] and /(t; q) is a real function of t and q. We
construct a homotopy as follows
ð1 qÞL½/ðt; qÞ  X0ðtÞ ¼ hqHðtÞN½XðtÞ; ð5Þ
where L denotes the Laplace transform, q e [0, 1] is the embed-
ding parameter, H(t) denotes a nonzero auxiliary function,
⁄ „ 0 is an auxiliary parameter, X0(t) is an initial guess of
X(t) and /(t; q) is a unknown function. Obviously, when the
embedding parameter q= 0 and q= 1, it holds
/ðt; 0Þ ¼ X0ðtÞ; /ðt; 1Þ ¼ XðtÞ; ð6Þ
respectively. Thus, as q increases from 0 to1, the solution /
(t; q) varies from the initial guess X0(t) to the solution X(t).
Expanding /(t; q) in Taylor series with respect to q, we have
/ðt; qÞ ¼ X0ðtÞ þ
X1
m¼1
XmðtÞqm; ð7Þ
where
XmðtÞ ¼ 1
m!
@m/ðt; qÞ
@qm

q¼0
: ð8Þ
If the auxiliary linear operator, the initial guess, the auxiliary
parameter ⁄, and the auxiliary function are properly chosen,
the series (7) converges at q= 1, then we have
XðtÞ ¼ X0ðtÞ þ
X1
m¼1
XmðtÞ; ð9Þ
which must be one of the solutions of the original equations.
According to the deﬁnition (9), the governing equation can
be deduced from the zero-order deformation (5). Deﬁne the
vectorsX
!
m ¼ fX0ðtÞ;X1ðtÞ; . . . ;XmðtÞg: ð10Þ
Differentiating the zeroth-order deformation Eq. (5) m-times
with respect to q and then dividing them by m! and ﬁnally
setting q= 0, we get the following mth-order deformation
equation:
L½XmðtÞ  vmXm1ðtÞ ¼ hqHðtÞRmðX
!
m1Þ: ð11Þ
Applying the inverse Laplace transform, we have
XmðtÞ ¼ vmXm1ðtÞ þ hL1½qHðtÞRmðX
!
m1Þ; ð12Þ
where
RmðX!m1Þ ¼ 1ðm 1Þ!
@m1N½/ðt; qÞ
@qm1
q ¼ 0; ð13Þ
and
vm ¼
0; m 6 1;
1; m > 1:

ð14Þ3. Analysis of transistor circuits
In this section, we discuss the implementation of our proposed
method and investigate its accuracy by applying the HAM
with coupling of the Laplace transform method. Consider
the simplest model for a transistor in the circuit shown in
Fig. 1 investigated by Kang [26] and Lewis [27]. The circuit
equations are given by
u1 þ x1 þ r1x2 ¼ 0;
u2 þ x3 þ r2ðx4  a1x2Þ ¼ 0;
x2 ¼ c1 _x1;
x4 ¼ c2 _x3;
y1 ¼ r2ða1x2  x4Þ;
y2 ¼ rLa2x4; ð15Þ
where x1, x2, x3 and x4 are the capacity voltages. Assuming r1 -
= r2 = rL = a1 = a2 = c1 = c2 = 1, we get a singular system
K _XðtÞ ¼ AXþ BU;
Y ¼ CX; ð16Þ
where
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1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
2
6664
3
7775is a singular matrix;
A ¼
0 1 0 0
1 1 0 0
0 0 0 1
0 1 1 1
2
6664
3
7775;
B ¼
0 0
1 0
0 0
0 1
2
6664
3
7775;
C ¼ 0 1 0 1
0 0 0 1
 
;
U ¼ ½ 1 0 T and Xð0Þ ¼ ½ 0 1 1 2 T:
From the above, we get the following relations
x01 þ x1 þ 1 ¼ 0; ð17Þ
x03 þ x1 þ x3 þ 1 ¼ 0; ð18Þ
and
x1 þ x2 þ 1 ¼ 0; x2 þ x3 þ x4 ¼ 0: ð19Þ
According to HATM, we take the initial gausses
x10ð0Þ ¼ t; x30ð0Þ ¼ 1 t: ð20Þ
Applying the Laplace transform on both sides of Eqs. (17) and
(18), we have
L½x1 þ 1
s2
þ 1
s
L½x1 ¼ 0; ð21Þ
L½x3  1
s
þ 1
s2
þ 1
s
L½x1 þ x3: ð22Þ
We deﬁne the nonlinear operators as
N1½/1ðt; qÞ ¼ L½/1ðt; qÞ þ
1
s2
þ 1
s
L½/1ðt; qÞ ð23Þ
and
N3½/1ðt; qÞ;/3ðt; qÞ ¼ L½/3ðt; qÞ þ
1
s2
 1
s
þ 1
s
L½/1ðt; qÞ þ /3ðt; qÞ: ð24Þ
and thus
R1mð~x1ðm1ÞÞ ¼ L½x1ðm1Þ þ ð1 vmÞ
1
s2
þ 1
s
L½x1ðm1Þ ð25Þ
and
R3mð~x3ðm1ÞÞ ¼ L½x3ðm1Þ þ ð1 vmÞ
1
s2
 1
s
 
þ 1
s
L½x1ðm1Þ þ x3ðm1Þ: ð26Þ
The mth-order deformation equations are given byL½x1mðtÞ  vmx1ðm1ÞðtÞ ¼ hRmð~x1ðm1ÞÞ ð27Þ
and
L½x3mðtÞ  vmx3ðm1ÞðtÞ ¼ hRmð~x3ðm1ÞÞ ð28Þ
Applying the inverse Laplace transform, we have
x1mðtÞ ¼ vmx1ðm1ÞðtÞ þ hL1½Rmð~x1ðm1ÞÞ ð29Þ
and
x3mðtÞ ¼ vmx3ðm1ÞðtÞ þ hL1½Rmð~x3ðm1ÞÞ: ð30Þ
Solving the above Eqs. (29) and (30) for m= 1, 2, 3, . . ., we get
x11 ¼ h t
2
2
;
x12 ¼ hð1þ hÞ t
2
2
 h2 t
3
6
;
x13 ¼ hð1þ hÞ2 t
2
2
 2h2ð1þ hÞ t
3
6
 h3 t
4
24
; . . . ; ð31Þ
x31 ¼ hðt2 þ tÞ;
x32 ¼ hð1þ hÞðt2 þ tÞ þ h2 t
2
2
 t
3
2
 
;
x33 ¼ hð1þ hÞ2ðt2 þ tÞ þ 2h2ð1þ hÞ t
2
2
 t
3
2
 
þ h3  t
4
6
þ t
3
6
 
; . . . ð32Þ
Taking ⁄= 1, from (31) the solution in a series from is given
by
x1 ¼ tþ t
2
2!
 t
3
3!
þ t
4
4!
 . . . ¼ et  1 ð33Þ
and from (32), the solution in a series from is given by
x3 ¼ 1 tþ t2  tþ t
2
2
 t
3
2
þ t
4
6
 t
3
6
. . . ¼ etð1 tÞ: ð34Þ
In view of the Eqs. (33) and (34), we obtain the solution
x2 ¼ et; x4 ¼ etðt 2Þ; y1 ¼ etð1 tÞ and
y2 ¼ etðt 2Þ:
which is the exact solution to singular system of transistor
circuits.4. Concluding remarks
In this work, our main concern has been to study the singular
system of transistor circuits. The HATM has been successfully
applied to solve the singular system of transistor circuits. The
solutions can be obtained in explicit form by using HATM
which conﬁrms our belief that solving singular system of tran-
sistor circuits can be reached by sufﬁciently simple calcula-
tions. The results reveal that the HATM is more simple and
easy to use than Haar Wavelet and Single Term Walsh Series
(STWS) method. In conclusion, the HATM may be considered
as a nice reﬁnement in existing numerical techniques and might
ﬁnd the wide applications in science, engineering and ﬁnance.
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